Upsets in round robin tournaments  by Brualdi, Richard A. & Qiao, Li
JOURNAL OF COMBINATORIALTHEORY, Series B 35.62-77 (1983) 
Upsets in Round Robin Tournaments 
RICHARD A. BRUALDI" 
Department of Mathematics, University of Wisconsin, Madison, Wisconsin 53706 
LI QIAO+ 
Department of Mathematics, 
China University of Science and Technology, People’s Republic of China 
Communicated by the Editors 
Received January 28, 1982 
Let F(R) be the class of tournaments having monotone score vector 
R = (r, ,..., Ye). For a given nl upper and lower bounds are given for the minimum 
number and maximum number of upsets for tournaments in B(R) with R strong. 
The cases of equality are characterized. 
1. INTRODUCTION 
We assume the reader is familiar with some of the general properties of 
tournaments, but review briefly those that directly relate to the results 
presented here. Let T be a (round robin) tournament with n players 
p, ,p2 ,..., p,,. Then T can be viewed as a digraph with vertices p, ,p2 ,..., p,,, 
where between every pair of distinct vertices there is exactly one arc. An arc 
(pi,pj) from pi to pj signifies that pi has beat pj. The score vector of T is 
then the outdegree sequence R = (r,, rz,..., r,,), where ri is the number of 
players beaten by pi (i = I,..., n). Since the listing of the players is arbitrary 
we assume that it has been chosen so that 0 < r, < r2 Q ... < r, < n - 1. T is 
then called a monotone tournament and R a monotone score vector. Another 
model of the tournament T is an n X n matrix [tij] of O’s and l’s, where 
tij = 1 if and only if pi beats pj (i,j = l,..., n). Thus the main diagonal of this 
matrix consists of all O’s and tij + tji = 1 whenever i #:j. The score vector R 
is then the row sum vector of the matrix. We identify a tournament with both 
its digraph model and matrix model. 
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Let R = (rl ,..., r,J be a sequence of nonnegative integers satisfying 
rl < ... < r,, and let K(R) denote the set of all tournaments with score 
vector R. Then Landau [4] (see also [2, 5, 61) proved that g(R) # 0 if and 
only if 
with equality for i = II. The set F(R) has been studied in [ 1, 3, 71. From 
Landau’s theorem it follows readily that either none or all of the tournaments 
in F(R) are strong (as digraphs) and that the tournaments in g(R) are 
strong if and only if 
rI + ... + ri> 
i 1 ,; +l 
(i = l,..., n - 1). (1.2) 
We call a score vector R strong when conditions (1.2) are satisfied. 
Let T= [tij] E 8(R) an d consider the 2 x 2 submatrix T[i,, i, ;j, ,j,] of T 
lying in rows i, and i, and columns j, and j,. Suppose Tli, , i, ; j, ,j,] is one 
of the two matrices 
Then it follows that T[j, , j, ; i,, i2] is the other. Interchanging O’s and l’s in 
these eight positions (or six positions if the main diagonal is met) leads to 
another tournament T’, where also T’ E F(R). Ryser calls this transfor- 
mation a double interchange and proves [ 7, Theorem 4.21 that each of a pair 
of tournaments in g(R) is transformable into the other by a finite sequence 
of double interchanges. A double interchange reverses the arcs of a 4-cycle 
or a 3-cycle in the digraph model. 
Consider a tournament & with monotone score vector R = (r, ,..., rn). 
Since r, < .. . < r,,, we say that for 1 < i < j < n, player pj is superior to pi 
and that pi is inferior to pj. In case ri = rj whether pi is superior or inferior 
to pj depends solely on the ordering of the players chosen, An upset is said 
to have occurred in T whenever a player beats a superior player. The total 
number of upsets in T is denoted by t(T). The l’s above the main diagonal 
of the matrix model T = [tij] correspond to the upsets, and 
z(T)= x tij. 
j>i 
A tournament with no upsets has only l’s below the main diagonal and 
hence is a transitive tournament. Let f(R) and f(R) denote, respectively, the 
582b/35/1-5 
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smallest and largest number of upsets possible for a tournament with score 
vector R. Thus 
Ryser [7, Theorem 5.21 has characterized tournaments T in g-(R) for which 
r(T) = f(R) in the following way. For a tournament T= [tii], let the initial 
part of row i be (til,..., ti,i-,) and the terminalpart of row i be (ti,i+, ,..., ti,). 
Note that row 1 has an empty initial part and that row n has an empty 
terminal part. For a real number x, let (x)’ = max(0, x}. 
THEOREM 1.1 (Ryser [7]). Let TE &(R). Then r(T) = f(R) if and only 
if whenever the initial part of a row of T contains a 0, the terminal part of 
the row contains only 0’s. Hence 
f(R)= 2 (ri-(i- 1))‘. 
i=l 
(1.3) 
The property of tournaments with the minimum number of upsets can be 
rephrased as: if a player beats a superior player, then he beats all players 
inferior to him. 
Fulkerson [3] has given a simple recursive construction for a tournament 
F’E T(R) with r(F) = f(R). This led him to consider the vector 
A = (a, ,..., a,), where a, = ri - (i - 1) (i = l,..., n). If T = [tij] E g(R), it is 
easy to check that 
ai = y tii _ \’ tii. 
j>i .jji 
We have 
a, 20. (1.4) 
and the monotonicity of R implies that 
aiPl - a, < 1 (i = 2,..., n). (1.5) 
Conditions (1.1) and (1.2) in terms of the vector A are, respectively, 
al + ..- +a,>0 (i = l,..., n-l),a,+...+a,=O (1.6) 
and 
a, + .A+ +a,>0 (i= 1 1’.., n-l),a,+.‘.+a,=O. (1.7) 
Fulkerson [3] has also given a direct construction for a tournament 
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FE K(R) with r(T) = f(R), although a simple formula analogous to (1.3) is 
not currently available for f(R). 
The purpose of this paper is to determine the minimum and maximum 
values of T{(R) and F(R) as R ranges over all (strong) score vectors of tour- 
naments with n players. 
2. MINIMUM NUMBER OF UPSETS 
We consider in this section monotone score vectors R = (r, ,..., Y,), and 
determine the minimum and maximum values of f(R) for n fixed. For the 
minimum value we assume R is strong, for otherwise the value is 0. We 
characterize the cases of equality, and also characterize those R for which 
there is a unique tournament TE f?(R) with r(T) = I;(R). 
Let k = (1, 1, 2, 3 ,..., n - 2, n - 2). Then it follows from (1.2) that l? is a 
strong score vector. 
THEOREM 2.1. Let R = (r, ,..., Y,,) be a strong score uector. Then 
?(R) > 1 with equality if and only if R = i?. 
Proof. Since R is a strong score vector, it follows that for each 
TE g(R), t(T) > 0. Hence f(R) > 1. Suppose R = R .^ Then consider the 
tournament i: where there is an arc from pi to pi if and only if either (i) both 
i=l andj=nor (ii)i#norj#l and l<j<i<n.ThenF’Ed(R^)and 
t(F) = 1. Hence @) = 1. 
Now suppose f(R) = 1, and T E K(R) with z(T) = 1. Since T is a strong 
tournament, it follows that its unique upset arc must be an arc from p, top, ; 
otherwise the outdegree of p, is 0 or the indegree of pC is 0. Since all other 
arcs of T are non-upset arcs of T, it follows that T = T and R = R .^ 
We now turn to the problem of determining the maximum value of f(R) as 
R ranges over all monotone score vectors with n coordinates. For this 
problem it is not necessary to restrict R to be strong. With each 
R = (r, ,..., r,) we have associated another vector A = (a,,..., a,), where 
ai = ri - (i - 1). This vector, in general, has negative coordinates and need 
not be monotone. But as already pointed out, it satisfies (1.4)-( 1.6). Define 
At and A- by 
At={j:l,<j,<n,aj>O}, A-={j:l<j<n,aj<O}. 
It follows from (1.3) that 
z”(R) = c aj. 
jeA + 
It follows from (1.6) that if A- = 0, then ai = 0 for i = l,..., n and A+ = 0. 
66 BRUALDI AND LI 
Likewise, A - = 0 if A + = 0. Hence both A and A ’ are nonempty unless 
R = (0, l,..., n - 1) in which case g(R) contains only one tournament, 
namely, the transitive tournament with no upset arcs. 
LEMMA 2.2. Suppose 1 <j < k < n and aj > 0 and ak < 0. Then there 
exists an integer i with j < i < k such that a, = 0. 
ProoJ By (1.5) aj+ i > 0, and so either aj+ I = 0 or we can replace j by 
j + 1. The lemma follows. 
COROLLARY 2.3. IA+]+IA-l<n-l. 
Denote by ?- a tournament in K(R) satisfying r(F) = f(R). By 
Theorem 1.1, row i of F has (a,)’ l’s in its terminal part. It also follows 
from Theorem 1.1 that if player pi upsets another player then no player 
upsets pi. Viewed in terms of matrices this means that if row i of ?= [tjj] 
contains an upset then column i contains no upsets. As a consequence of this 
fact we conclude that all l’s of ? above the main diagonal are contained in 
[$J rows or ii] columns. Here Lx] denotes the largest integer not greater 
than x. 
LEMMA 2.4. Let 2 < i < n. Suppose row i of f- contains k l’s in its 
terminal part. Then row(i - 1) of F contains at most (k + 1) l’s in its 
terminal part. 
Proof. By (1.5) ai_l <a,+ 1 and hence (a,_,)’ <(a,)’ + 1 = k+ 1. 
Hence row(i - 1) contains at most (k + 1) l’s in its terminal part. 
LEMMA 2.5. Suppose IA ’ / =p and IA I= q. Then 
C aj<l+2t...+p and 1 akZ(-1)+(-2)+...+(-q) 
ieA L j=A- 
with equality holding on the left if and only of A ’ is a set of p consecutive 
integers k, k + l,..., k +p - 1 and ak=p, ak+, =p- I ,..., aktpp, = 1, and 
012 the right if and only if A- is a set of q co’nsecutive integers 1, If l,... 
lfq- 1 and a,=-1, a,+,=-2 ,..., a,+qPl =-q. 
Proof The lemma is an easy consequence of Lemma 2.4, observing first 
that if j is the largest integer in A +, then aj = 1, and if k is the smallest 
integer in A -, then ak = -1. 
We now determine the largest value of the minimum number of upsets for 
a monotone tournament with n players. 
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THEOREM 2.6. Let R = (Y, ,..., r,) be a monotone score vector. Then 
f(R) < (2.1) 
rf n is odd, equality holds ij-and only ifR = ((n - 1)/2,..., (n - 1)/2). Ifn is 
even, equality holds ifand onlv ifr, + ‘.. + r,,,2 = (n/2)((n/2) - 1). 
Proof: Suppose to the contrary that 
f(R)= 1 aj> 
jeA + 
Then it follows from Lemma 2.5 that IA ’ / 
this implies that 
p-l<(n- l)- 
1 
From Lemma 2.5 we conclude that 
> [(PI + 1)/Z]. By Corollary 2.3 
x ak>(-1)+(-2)+.e.+ 
kcA- 
(- ,?I) =+]. (2.3) 
Combining (2.2) with (2.3) we obtain 
which contracts (1.6). This proves (2.1). 
Now let n be odd and suppose equality holds in (2.1). Then it follows 
from Lemma 2.5 that /A + / > [(n + l)/ZJ. Then using the preceding 
argument we conclude that 
(2.5) 
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Since n is odd, the righthand side of (2.5) is positive, and we contradict 
(1.6). Hence (A ’ / = (n - 1)/2 and IA- / < (n - 1)/2. But 
n-l 
and 
C aj=- x a,i=- 
n-l 
1+2+...+----. 
jeA - j.sA + 2 1 
So by Lemma 2.5, jA - ) = (n - 1)/2, and both A ’ and A - are sets of 
(n - 1)/2 consecutive integers. Since 1 @ A- and n 66 A ‘, we conclude from 
Lemma 2.2 that AS = { 1, 2 ,..., (n - 1)/2} and A - = {(n + 3)/2,..., n}. It 
follows that rl = ... = ~(,-i),~ = (n - 1)/2. Since R is monotone, we now 
conclude that R = ((n - 1)/2,..., (n - 1)/2). Conversely, for n odd and 
R = ((n - 1)/2,..., (n - 1)/2), it follows from Theorem 1.1 that 
f(R)= 
Now let n be even. First assume that rl + .. . + r,,,2 = (n/2)((n/2) - 1). 
Suppose rk ( k - 1 for some k = 1, 2,..., n/2. Then it follows from the 
monotonicity of R that 
(n/2)((@) - 1) = r, + ... + rnlZ < k(k - 2) + ((n/2) - k)(n/2), 
so that 
(k - l)(k - (n/2)) = k2 - (1 + (n/2)k + (n/2) > k > 1. 
But this implies k > n/2 or k < 1, a contradiction. Hence ri > i - 1 for 
i = l,..., n and 
f(R)= 2 (a,)+ > f a,= z ri- F (i- 1) 
i=l i=l i=l i=l 
Hence equality holds in (2.1). 
Now assume that equality holds in (2.1). Suppose first that a, = r1 = 0. 
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Let TE g(R) satisfy z(R) = f(R) = (“{*). Let T’ be the tournament obtained 
from T by deleting vertex p, . Then T has IZ - 1 vertices, where n - 1 is odd. 
By what we have already proved, the score vector of T’ satisfies 
R ’ = ((n - 2)/2 ,..., (n - 2)/2). Hence R = (0, n/2 ,..., n/2) so that r, + n.. + 
Y n/2 = W2)(W) - 1). 
Thus we may assume now that a, = Y, > 1. From Lemma 2.5 we conclude 
that IA + I> (n/2) - 1. Suppose that IA ’ / > (n/2) + 1. Then from Corollary 
2.3 we conclude that IA - I,< (n/2) - 2 an an argument similar to one above d 
leads to 
n n n -- \.aig- 2 l >o, ,?I 
iri ‘i 2 2 
contradicting (1.6). 
Hence IA ’ I= (n/2) - 1 or n/2. First suppose IA ’ I= (n/2) - 1. Then it 
follows from Lemma 2.5 that A ’ is a set of (n/2) - 1 consecutive integers 
containing 1 (since a, > 1) and Y, = ... = Y~,,~)-, = (42) - 1. If 
r,,,* > (n/2) - 1, then using the monotonicity of R we obtain JJ’=r ri > (n/2), 
a contradiction. Hence also ra,2 = (n/2) - 1 and rl + *se + r,,,* = 
(nP>(W> - 1). N ow assume IA ’ I= n/2. Then IA - I< (n/2) - 1, and 
x aj=- s a,i=-f(R) 
n 
n-2 
ZZ- 
ii 
-F =- c 1+2+...+-. 2 1 
2 
From Lemma 2.5 we conclude that /A / = (42) - 1, and A- is a set of 
(n/2) - 1 consecutive integers. Now from IA ’ I= (n/2), 1 E A ‘, n 6C A ‘, 
and Lemma 2.2, it follows that A ’ is a set of n/2 consecutive integers and 
hence A+ = (1, 2 ,..,, n/2}. Thus 
rl + +. . + rn,2 = (a, f . . . + a,,, )+ji+...+Gj 
This completes the proof of the theorem. 
EXAMPLE. The score vectors satisfying the case of equality for n = 8 
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in Theorem 2.6 are (0, 4, 4, 4, 4, 4, 4, 4), (3, 3, 3, 3, 4, 4, 4, 4), 
(2, 3,3,4,4,4,4,4), (1, 3,4,4,4,4,4,4), (3, 39 3, 3,3,4,4,0 
We conclude this section by characterizing those strong vectors R for 
which there is a unique tournament T with the minimum number of upsets. 
THEOREM 2.7. Let R = (rk ,..., n r ) be a strong score vector. Then there 
exists a unique tournament T= [tii] E g(R) satisfying z(F) = f(R) if and 
only if 
R = (k,..., k, k, k + 1 ,.. ., n-k- 1,11-k- l,...,n-k- 1) (2.6) 
-ii- --z-- 
for some integer k > 1 satisfying 2k + 1 < n. If R has the form (2.6), then 
k 
0 . ..() I...1 
* 
1 
‘.. 0 
0 
I k 
(2.7) 
ProoJ Let A = (a, ,..., a,), where ai = ri - (i - 1). Then (2.6) is 
equivalent to 
A = (k, k - l,..., 1, 0 ,..., 0, -1, -2 ,..., -k). (2.8) 
First suppose R has the form (2.6). Since R is monotone, 1 < k < (n - 1)/2. 
Then by Theorem 1.1, 11(R) = k + ..+ + 1. Let T E 8(R) satisfy t(T) = f(R). 
Then it follows from Theorem 1.1 that T has the form 
T= 
i 
k 
k 
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Since rki 1 = k,..., rnek = n - k - 1, it follows that X has only l’s and Y has 
only 0’s. Using (2.6), one now easily shows that T has the form given in 
(2.7). 
We now prove by induction on n that if g(R) contains a unique tour- 
nament F= [tij] with T(R) upsets then R satisfies (2.6) and F satisfies (2.7). 
Since R is strong, n > 3. If n = 3, then R = (1, 1, 1) and the conclusion 
holds. Now let n > 4, and let A = (a, ,.,., a,), where ai = yi - (i - 1). Since f 
is the only matrix in B(R) with the minimum number of upsets, F is the 
matrix which is obtained by applying Fulkerson’s construction [3]. Let 
T’ E K(R ‘) be the tournament obtained from F by eliminating the last row 
and column. It then follows that R’ is monotone and that T’ is the unique 
tournament in K(R’) with f(R’) upsets. Suppose T’ has m strong 
components T; ,..., Tpl,, (VI > 1) so that F has the form 
Let Ti E LF(R(), where RI has n, coordinates, so that T,! is the unique tour- 
nament in a(RI) with t”(R;) upsets (i = I,..., m). We apply the induction 
hypothesis to conclude that T,f has the form (2.7) with k replaced by ki 
where 2k, + 1 < ni. Since F is strong, the vector xi = (tin,..., t,,,) has at 
least one 1. First assume k, > 1. Suppose there is an i with 1 < i < n, such 
that ti, = 0, ti+l,n = 1. Then ai+, > 0; and it follows from Fulkerson’s 
construction that ai < 0. If k, > i, then a, > 0, a contradiction. So ki < i. It 
then follows that t,, = O(t,, = 1) and ti+l,n, = O(tn,,i+l = 1) so that there is 
a 4-cycle (pi ,pn,,pi+ i ,pn ,p,), that is, a double interchange, the reversal of 
whose arcs does not change the number of upsets. This contradicts the 
uniqueness property of F and implies that t,, = ... = tk,,* = 1. It now follows 
that uk, > 2 so that uk,+ i > 1. Hence fk,+ ,,n = 1. Now consider Th. Then 
ai > 0 for i= n, t ... + n,-, + I,..., ~zi + ... + n,-, + k, and it follows 
from Fulkerson’s construction that ti, = 1 for i= n, t ... + n,-, + l,..., 
n1 + . . . + n,-, + k,,, . But this means that if m > 1, column n of 71 contains 
at least as many l’s as column n - 1, a contradiction. So m = 1, that is, T’ 
is strong. Since column n - 1 of F contains at least as many l’s as column 
n, we now conclude that ti, = 0 for k, $ 1 < i < n. It follows that p has the 
form (2.7) with k = k, + 1, and R satisfies (2.6). 
Now assume k, = 0. It then follows that n, = 1 and Ti = [O]. Since T is 
strong t,, = 1. The first ki coordinates of each xi must now be 1, for 
otherwise there is a double interchange which when applied to F gives 
another tournament in g(R) with F(R) upsets. This means the last column of 
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?? contains at least 1 + k, + ... + k, 1’s. Since column n - 1 of L? contains 
(k, + 1) l’s, it follows that k, = ..a = k,,-, = 0. If k, > 0, then aj > 2 for 
j=m,+...+m,-,+k,. But then aj+r>aj-l>l and it follows from 
Fulkerson’s construction that tj+ I ,11 = 1, and column n of F contains more 
l’s than column n - 1. So k, = 0 too. It follows that 
and hence ?- has the form (2.7) with k = 1 and (2.6) is satisfied. Hence the 
theorem holds by induction. 
3. MAXIMUM NUMBER OF UPSETS 
We consider in this section monotone score vectors R = (r, ,..., rn), which 
are generally assumed to be strong, and investigate Z(R). For n fixed we 
obtain the minimum and maximum value of F(R) and characterize the cases 
of equality. Unlike the investigation of f(R) we do not have a formula for 
f(R). We first prove a lemma, of interest in itself, whose proof use the double 
interchange discussed in the introduction. 
LEMMA 3.1. Let R = (r, ,..., r,,) be a strong score vector. Then there 
exists a tournament T= [tij] E i?-(R) satisfying t,, = t,, = ... = t,- ,,,, = 
t,, = 1. 
ProoJ: We give a recursive construction for T. Suppose we have 
succeeded in obtaining a tournament in g(R) of the form 
7” = [fj] = 
0 1 
0 0 
. . X 
1 
0 0 0 
1 0’ 
Y * . 
0. 
k 
where 1 <k < n - 1 and tL,k+l = 0, tk+l,k = 1. First suppose the terminal 
part of row k of T’ contains a 1. Since the column sums of T’ are monotone 
nonincreasing, it follows that there is a double interchange which replaces 
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t k,k+, with 1 and which leaves all entries of the upper-left k x k submatrix 
unchanged. In this case we may replace k by k + 1 and proceed. Now 
assume the terminal part of row k contains only 0’s. Since R is a strong 
score vector the k x (n - k) matrix X contains a 1. Let j be the last row of X 
with a 1, so that j < k. Let 1 be chosen so that I > k and $ = I. Then 
tj,j+l = 1, tjl+I,jiI = 0 and tj’.! = 1, tj+l,l = 0. Since rj < ri+[, there exists an 
i fj - 1 such that tji = 0 and tj+ I ,i = 1. Hence there is a double interchange 
which places a 1 in rowj + 1 of X and leaves the l’s in the positions 
(1,2),..., (k - 1, k) of T’ unchanged. By repetition of this argument, we can 
place a 1 in the terminal part of row k. It follows we may replace k by k + 1 
in our construction and recursively obtain a tournament T” = [t;j] E E(R) 
satisfying trz = . . . = t,‘- ,,n = 1. Suppose til = 0 so that tyn = 1. Since 
rl < r,, it now follows that there is a double interchange which produces the 
desired tournament T. 
A formulation of Lemma 3.1 in terms of directed graph is the following: 
COROLLARY 3.2. Let R be a strong score vector. Then there exists a 
tournament TE: K(R) for which (p, ,p2,..,,pn,p1) is a Hamilton cycle. Of the 
n arcs of this Hamilton cycle, n - 1 are upset-arcs. 
COROLLARY 3.3. Let R be a strong score vector. Then 
f(R) - ?(R) > n - 2. 
ProoJ By reversing the arcs of the Hamilton cycle (p, ,p2,...,pn,p,) of 
the tournament TE K(R) whose existence is given in Corollary 3.2 we 
obtain a tournament T’ E d(R) for which z(T) - r(T’) = n - 2. The 
corollary now follows. 
We now determine the minimum value of f(R) as a function of 
n. 
THEOREM 3.4. Let R = (rl ,..., r,) be a strong score vector. Then 
f(R)>n- 1 (3.1) 
with equality f and only if R = f? = (1, 1, 2 ,..., n - 2, n - 2). 
ProoJ: It follows from Lemma 3.1 that there exists a T= [ti,i] E B(R) 
with z(T) > n - 1. Hence (3.1) holds. Suppose f(R) = n - 1. Then 
t(T) = n - 1 and hence tij = 0 for 2 < i + 2 <j < n. It follows that R = I?. 
Conversely, if R = R ,^ it is easy to check that F(i?) = n - 1. 
We remark that as a consequence of the facts that Z(x) = n - 1 and 
@) = 1 (see Theorem 2.1), @) - @) = n - 2 and we have equality in 
Corollary 3.3. There are other cases of equality in Corollary 3.3 other than 
74 BRUALDI AND LI 
I?. For example, let n = 8 and let R = (1, 1, 3, 3,4, 4, 6, 6) so that by 
Theorem 1.1, f(R) = 2. By using Fulkerson’s algorithm for the construction 
of a tournament FE B(R) with t(T) = f(R), we obtain the tournament T 
whose upset arcs are (pl ,pJ, (p3 ,P~)~..., (p7 ,P& and (I+ ,A,). Hence 
F(R) = 8. Thus f(R) - f(R) = 8 - 2 = 6. 
We now determine the maximum value of F(R) as a function of II. 
THEOREM 3.5. Let R = (r,...., r,J be a score vector. Then 
(3.2) 
rfn is odd, equality holds in (3.2) ifand only ifR = ((n - 1)/2,..., (n - 1)/2). 
If II is even, equality holds if and only if R = ((n - 2)/2,..., (n - 2)/2, 
n/2,..., n/2). 
Proof. We consider n odd and n even separately. First assume n is odd. 
Let a = rc,+3j/2 t ... t r, and b=r, t ... t rC,+,j,2. Since r, + .s. t 
f-, = (;I, 
r,+b+a= 
From monotonicity, it follows that a > b. Thus 
r, + 2a > 
n c 1 2 
so that 
a>4n-U rl 
/ --. 4 2 
(3.3) 
But for every score vector R, rI < (n - 1)/2 with equality if and only if 
R = ((n - 1)/2,..., (n - 1)/2). Combining this with (3.3) we get 
a> (n- 1Y 
/  4 (3.4) 
with equality if and only if R = ((n - 1)/2,..., (n - 1)/2). Now let T= [tij] E 
g(R). Then rows (n t 3)/2,..., n contain collectively at most 1 + 2 + ... + 
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(n - 3)/2 l’s in their terminal parts and thus at least a = a - (1 t 2 t ... + 
(n - 3)/2) I’s in their initial parts. Combining this with (3.4) we get that 
n+l 
n*-1 ~ 
a>---== 2 
8 
t i 2 
with equality only if R = ((n - 1)/2,..., (n - 1)/2). Since a l’s below the 
main diagonal imply a O’s above the main diagonal, it follows that 
with equality oniy if R = ((n - 1)/2,..., (n - 1)/2). Conversely, suppose R = 
~;ichWL.> (n - 1)/2). Th en it is easy to find a tournament T E K(R) for 
Indeed we may take T to be the rotational tournament with first row (0, I,..., 
1, O,..., 0) where there are ((rz - 1)/2) I’s [6]. Successive rows of T are 
obtained from the first row by cyclic shifts. 
Now assume n is even. Let c = pi + . . . t r,,,* and d = Y~,,~) + , t . +. + rn 
so that c t d = (: ). Suppose that c > (n/2)((n - 2)/2). Then it follows from 
the monotonicity of R that Y,,,~ > n/2 and thus that ri > n/2 for i = (n/2) + 
1 >.-., n. Hence d > (n/2)* so that 
a contradiction. We conclude that 
and d>(t)-G(q]=c. (3.5) 
Let T= [tij] E B(R). Then it follows that the number of l’s in the initial 
parts of the last n/2 rows of T is at least 
d- 1+2+ ( 
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Hence as in the odd case we conclude 
> (3.6) 
and (3.2) holds for II even. Suppose equality holds in (3.6). It then follows 
that equality holds in both inequalities of (3.5) and T has the form 
n 
-T 
(3.7) 
Since r, > n/2, it follows from (3.7) that r, = n/2. Since d = n’/4, it 
follows from the monotonicity of R that r(n,2j+, = .. . = r,, = n/2. From 
(3.7) it follows that rl > (n - 2)/2. Since c = (n/2)(n - 2)/2), it follows 
from the monotonicity of R again, that rl = ... = rnlZ = (n - 2)/2. 
Hence R = ((n - 2)/2 ,..., (n - 2)/2, n/2 ,..., n/2). Conversely, suppose 
R = ((n - 2)/2 ,..., (n - 2)/2, n/2 ,..., n/2). Then in (3.7), let 
O 0 x= .*. 
i 1 1 0 
(3.8) 
and let Y be obtained from X by replacing the O’s on the main diagonal with 
1’s. We obtain a matrix T E R(R) with 
Hence 
and the proof of the theorem is complete. 
Additional properties of F(R) are studied in 11 1. 
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